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A calculation of the effects of spin–orbit interaction on electron transport in 3D disordered systems is 
presented. We use the Wigner density matrix to construct self-consistent transport equations which can be 
used to discuss weak localization (quantum interference) effects and even strong localization. The formula 
for the transport relaxation time has been obtained. The change of the resistivity due to spin–orbit interac-
tion is negative in agreement with experiment. 
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1 Introduction 

The electronic transport properties of disordered or complex conductors have been of great interest both 
theoretically and experimentally over the past years [1]. The rapid development of spin electronics, 
which has taken place in recent years [2], reinforces the need for a good understanding of the effects of 
spin–orbit interaction [3, 4]. The effects of the spin–orbit interaction have wider consequences in the 
context of electron transport in magnetic tunnel junctions [5] and other nanostructures [6–9]. It is par-
ticularly important in disordered materials where quantum interference (QI) gives rise to weak localiza-
tion (WL) and, on the other hand, various factors can destroy this subtle phenomenon [10, 11]. We con-
sider the spin–orbit interaction when B = 0 in this paper, which is complex matter in itself, as a prelude 
to the case when B .π 0  A number of experiments [12–15] have shown that heavy atoms, such as e.g. 
Au, give rise to substantial changes in the electrical resistivity of disordered systems due to the strong 
spin–orbit interaction. To explain the experimental results the authors of the quoted papers used to apply 
the theory of Fukuyama and Hoshino [16] which was an extension of a previous theory of Kawabata [17, 
18] developed for the magnetoconductivity of disordered systems. However we have argued [19] that 
Kawabata’s theory, originally formulated for degenerate semiconductors, is of uncertain validity for 
amorphous metals, where very often the Ioffe-Regel criterion is not valid [20] or one is working at the 
limit of its validity. In the discussion of electron transport properties we will consider nearly free elec-
trons moving in a disordered system of weak potentials and neglect electron–electron scattering effects 
and internal fields arising from the electron–electron interaction. This is often the model used for disor-
dered systems but real systems are usually much more complex, for example many amorphous alloys are 
composed of transition metals with conducting d-bands. In the analysis of experiments on such systems 
it is often hoped that theories for simple models have a universal character but there is no guarantee that 
this is true. For simplicity we will consider an amorphous system with just one type of atomic species 
describable by a pseudopotential and the total potential is R0 ( ).U  Of course the use of a pseudopotential 
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in the context of spin–orbit interaction has some simplifying aspects in that the core parts of the pseu-
dowaves are in fact most important in determining the size of the interaction as well as the derivative of 
the true potential. For our present purpose we will simply regard the magnitude of the interaction as an 
adjustable parameter [21, 22] which will be discussed at a later stage. The spin–orbit interaction is de-
fined by [23] 

 R R pSO SO 0
ˆ ˆ( ) [ ( ) ]U a Us= ◊ — ¥ ,  (1) 

where p̂ is the momentum operator, ŝ  denotes the Pauli spin matrices. The extension to a more than 
one-component system is straightforward but further complicates an already elaborate theory. 
 The role of spin–orbit interaction increases rapidly with the atomic number [24] and therefore this 
effect was clearly observed many years ago in metals where electrons are scattered by heavy ions placed 
in a matrix of lighter ones [13] or on the surface of thin films [25]. This is important effect in the context 
of QI effects or ‘2 ’Fk -scattering [25, 26] where multiple scattering of electrons inhibits the diffusion of 
electrons which leads to the alternative expression [27, 28], namely a weak localization corrections to the 
usual Boltzmann equation description of conduction processes [29]. This term is sometimes used be-
cause of its importance in the study of 2D semiconductors where the singular ‘2 ’Fk -scattering can lead to 
an infinite resistance [30]. 
 The motivation for this work is that we have some reservations about existing treatments [19] but we 
are building on the previous ideas of others in this paper and are seeking to establish the relationship 
between this and previous work. 
 In this paper we make use of previous theory [26] utilizing the Wigner density matrix [31–33] or 
distribution function to develop generalized transport equations which have a form similar to the lin-
earized Boltzmann equation. This is strongly connected to one of the earliest approach to transport the-
ory namely that of Kohn and Luttinger [34, 35]. Many treatments of transport problems utilize the Kubo 
formula and Green function methods where the Boltzmann type of transport equations is replaced by 
Bethe–Salpeter equations [36, 37]. Both approaches have their merits but here we use the Wigner den-
sity matrix as we believe that it is more transparent for some purposes although there is of course a great 
similarity in the structure of the equations obtained. We would also like to underline that many authors 
have recently used the Wigner function formulation of the quantum theory of electron transport in vari-
ous systems [38–43] which was proposed in [26] for the first time. 
 In Section 2 we describe the Wigner representation for the case when the electron spin indices are 
included and also the spin–orbit interaction. The conductivity (for a constant electric field E) only de-
pends on the average value of the density matrix and we introduce some reasonable simplifications of the 
general equations coupled by the spin–orbit interaction. In Section 3 we then further simplify matters by 
constructing a hierarchy of configurationally averaged Wigner equations which contain the important 
features which lead to ‘2 ’Fk -scattering. These equations are of necessity extremely complicated, but they 
are important to the rest of the paper and have their analogues in other self-consistent Green function 
methods and the Bethe–Salpeter equation. In Section 4 we reduce the complicated generalized equations 
to forms which yield the salient effects of the spin–orbit interaction and show that this interaction gives 
rise to the decrease of electrical resistivity in the considered systems. 

2 Derivation of transport equation 

The linearized equation for the one-particle density matrix r  describing the deviation of a system from 
equilibrium in a constant electric field E is [34, 35] 
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where Ĥ  is the Hamiltonian of the system, R̂ is a position operator in a plane wave basis and the s indi-
ces denote the spin states. The electric field (or electrochemical potential gradient) cannot  be exactly 
constant in an inhomogeneous medium but this simplification is often made and is not the issue in this 
work. The infinitesimal e  results from switching on the electric field in an adiabatic manner. An appro-
priate approximate solution of Eq. (2) should ideally yield a description of the transport phenomena 
which are linear in the electric field, including weak localization and strong localization, as an alternative 
to the use of Green function methods and the Bethe–Salpeter equation [37]. It is our preference to use 
the Wigner representation of Eq. (2) [31–33] as we believe it is simpler to envisage some of the ap-
proximations made in an almost classical fashion. Consider an arbitrary one-particle operator Ô  (which 
may be a product of two one-particle operators as in our case) in the momentum representation. The 
matrix elements of this operator in the Wigner representation are given by 

 q R

q

R K K q K q
1 1 1ˆ( ) e

2 2
i

WO O
W

◊

, = + - .Â  (3) 

There are alternative definitions of the Wigner function [10] but (3) is sufficient for our purpose. The 
Wigner representation of the density operator is called the Wigner distribution function [23] and it is 
analogous to the classical probability of finding a particle at a position R with momentum K.�  One of 
the important properties of the equilibrium Wigner distribution function which distinguishes it from the 
classical equilibrium distribution function is that it may be negative in any subregion of phase space 
although an average over the K  variable yields a positive definite quantity. Of course a negative devia-
tion from equilibrium does not produce quite the same dilemma. We will extend this method to describe 
the spin variables in the following way. Denoting the z-components of spin by a  and ,b  we define the 
Wigner matrix as follows 

 
R K R K

R K
R K R K

( ) ( )
( )

( ) ( )s s

aa ab

ba bb

r r
r

r r
¢

, ,È ˘
, = .Í ˙, ,Î ˚

 (4) 

 From a classical point of view the quantity R K( )
aa

r ,  determines the average number of electrons in 
the state K  with spin a  in the element of volume 3d R  at the position R and similarly R K( ).bbr ,  The 
off-diagonal elements describe the fluctuations from the average values. 
 Applying the same procedure to Eq. (2) gives 
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where v KSO ( )s s¢  results from the commutator of the spin–orbit interaction with the position variable, 
SO SO,�b a=  R K( )f ,  is the Wigner representation of the derivative of the Fermi–Dirac function, and 

q Kˆ ( )L ,  is defined by the formula 

 q Rq K q q K0
ˆ( ) ( ) e [ ( 2 )]iU iL

◊

, = ¥ — - ,  (6) 

where q0 ( )U  is the Fourier transform of the static potential in the solid. At this point it should again be 
noted that many calculations of the properties of metals with nearly free electron like densities of state 
are carried out using pseudopotentials which replace the deep atomic-like potentials and enable low 
order perturbation theory to be used. On the other hand the spin–orbit scattering, which is often rather 
weak, involves the derivative of the true potential which is much greater near the nucleus in comparison 
with the derivative of a pseudopotential. In addition the pseudo wave functions are really plane waves 
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which are orthogonalized to the core states. For the moment we will treat q0 ( )U  as a weak potential but 
in assuming the magnitude of spin–orbit interaction affects it in the final analysis, it is essential to bear 
in mind the true behaviour of the potential near the nucleus and the nature of the true wave functions. 
Equation (5) is equivalent to a set of four coupled equations for R K( )

aa
r , , R K( )abr , , R K( )bar , , and 

R K( )bbr ,  so that the equations for the diagonal elements of the Wigner matrix are mutually coupled by 
the off-diagonal ones. Only the diagonal components of R K( )s sr

¢

,  will be required in our calculation of 
the current. The Eq. (5) can be simplified. The Hermitian property of the Wigner matrix operator enables 
the four equations to be reduced to two. Furthermore we can neglect the contribution coming from the 
term which includes the matrix element of the Pauli operator between identical spin states as this can be 
regarded as incorporated into the spin independent potential. Finally we will neglect the source term  
in the equations for the off-diagonal elements of the Wigner matrix and the spin contribution to the cur-
rent operator, as we are primarily concerned with the dynamics of the electrons described by the left-
hand side of the equations. The point is that spin–orbit effects are often weak except in cases like QI 
effects and indeed are not important in the source terms in the equations. The simplified equations are 
therefore 
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and 
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which still constitute a formidable task to solve in a reasonable fashion. 
 One of the possible ways to proceed further is by using a projection operator method like that of 
Zwanzig [44] and Mori [45]. We divide each function of variables R K( ),  into two parts as follows 

 R K k R K( ) ( ) ( )A F
s s s s s sf f f
¢ ¢ ¢

, = + , ,  (9) 

where K( )A
s sf
¢

 is the average part defined by R K R K1 3ˆ{ ( )} ( )s s s sA f d Rf-

¢ ¢
, = W ,Ú  and R K( )F

s sf
¢

,  is the fluctu- 

ating part defined by R K R Kˆˆ{ ( )} [1 ]{ ( )}.s s s sF f A f
¢ ¢

, = - ,  Â  denotes the averaging operator, W  is  
the volume of the system, and F̂  is the fluctuating operator, which describes the deviation from the aver-
age value and therefore is space dependent. We now separate the elements of the Wigner matrix and the 
source function in Eqs. (7) and (8) into the average and fluctuating part according to the formula (9). If 
we act with the operator Â  on the Eq. (7), and then with the operator F̂  we obtain a coupled pair of equa-
tions. This is the approach used by Morgan et al. [26, 46] but further complicated by the spin indices. 
The result is 
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and 
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where v K( )
aa

 is the usual velocity, equal to K� m/ , while the spin–orbit part of the velocity is neglected 
as this is not important in the present context. This non-classical contribution stems from the commutator 
of the position operator with the spin–orbit Hamiltonian. 
 In the same way as for Eq. (8) we obtain 
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and 

 { } { q R

q

K
R K q R K q0

2 1ˆ ˆ( ) { ( ) e }
2

�

�

F i FF F U
m ab abe r r

◊
È ˘ È Ê ˆ◊— + , + ¡ , +Á ˜Í ˙ Í Ë ¯Î ˚ ÎÂ  

                }q K R K qSO 1ˆ{ ( ) }
2 2

Fb
ab aaL s r

Ê ˆ ˘- ¡ , ◊ , +Á ˜ ˙Ë ¯ ˚
 

               q R

q

q K q0

2 1
{ ( ) e }

2�

i AU abr
◊

È Ê ˆ= - ¡ +Á ˜Í Ë ¯ÎÂ q K K q
1ˆ{ ( ) } .

2 2
ASOb

ab aaL s r
Ê ˆ ˘- ¡ , ◊ +Á ˜ ˙Ë ¯ ˚

 (13) 

 The Eqs. (11) and (13) can be solved formally  by finding the inverse operator to obtain the fluctuat-
ing parts R K( )F

aa
r ,  and R K( )F

abr ,  in terms of the average parts K( )A
aa

r  and K( )A
abr  but of course we 

must make simplifying approximations to make progress. We further neglect the spin-orbit interaction 
terms in the fluctuating part on the left-hand side of Eqs. (11) and (13), but we retain them in the average 
part of the right-hand side of these equations. This is because these terms are off-diagonal in both spin 
space and K-space and we are really developing a type of self-consistent perturbation theory for the off-
diagonal parts in terms of diagonal parts. We then obtain using the methods described in [26, 46] 
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where FG  is a Green function which is an inverse of the operator acting on the left-hand side of the 
Eqs. (11) and (13) when the fluctuating part of the spin–orbit term is neglected. At a later stage this 
Green function will be obtained with an effective medium approximation as described in [28] and ren-
ders the equations in a form which can be further simplified. It should be emphasized that it is not a one-
particle coherent potential type of approximation as it relates to the density matrix, and not a one-particle 
Green function of the Schrödinger equation [47] which is the reason why weak and strong localization 
can be considered within this framework. These solutions can be substituted into (10) and (12), and after 
some rearrangement we obtain the final form for the transport equations 

K
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where K K( )T , ¢  is a generalized scattering kernel which describes the scattering of the electrons and 
replaces the usual scattering probability in the normal Boltzmann equation. The function K( )g  modifies 
the injection of electrons into the system by the electric field taking into account the fluctuations in the 
Wigner representation of the Fermi–Dirac distribution function [26]. Below we now present the defini-
tions of all the T-terms and g -terms which exist in the transport equations. It should be noted that T does 
not denote the t-matrix of the system. It describes multiple scattering within the system as opposed to the 
scattering of an incident K-state on a finite system. The terms in (16) and (17) are defined by 
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and the operators qˆ ( ),P  qˆ ( ),Oab  qˆ ( )Oba  are defined as follows 
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 The operator K K0 ( )T , ¢  given by the Eq. (18) is responsible for the spin-independent scattering which 
at the lowest level of approximation simply corresponds to the Born approximation. The operator defined 
as K K( )Tab ba,

, ¢  is the spin-flip scattering part, and K K0 ( )T ba,

, ¢  comes from the cross–product of the 
spin–orbit potential and ordinary potential which in simpler situations is termed the skew scattering [48]. 
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Perhaps this term could be important in general and it would be simple to incorporate in future work but 
here it plays no significant role because it vanishes at the level of approximation used here. We can ig-
nore Eq. (17) for the off-diagonal elements of the Wigner matrix because the current involving the usual 
velocity does not depend on the off-diagonal elements. We will now focus on the problem of construct-
ing an approximation for the generalized scattering operator K K( )T , ¢  because this is the most important 
quantity in the context of quantum interference. 

3 Generalized scattering kernel 

We will now use an effective medium approximation for the density matrix as in the original paper [26, 
46] to determine the analytical form of the generalized scattering kernel. The main idea of this approxi-
mation is based on the following picture. The disordered system is replaced by a medium, the properties 
of which are determined by two quantities: K K( )T , ¢  and K( ).g  A scatterer is embedded in this medium 
and K K( )T , ¢  and K( )g  must be determined self-consistently. Again it must be emphasized that this is 
much more complex task than a coherent potential approximation [49] for a one-particle Green function 
of the Schrödinger equation. Perhaps it is appropriate to note that in this theory we need in general the 
two quantities K K( )T , ¢  and K( ),g  whereas the use of the Kubo formula requires two-particle Green 
function for the particle-particle and particle-hole channel [10, 25] so that both approaches have their 
respective merits. The inclusion of g  in general is important to ensure the convergence of integral as is 
the inclusion of both types of two particle Green functions [50]. 
 In (15) the problem of determining FG  is solved by truncating an infinite hierarchy of equations 
formed by taking configurational averages of the Wigner equation leading to closed equations for 

K K( )T , ¢  and K( ).g  The configurational average of (7) and (8) gives 
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respectively, where q K( 2 ),ik = ¥ — -  r1( )p  is the probability of finding an ion at r1 and R K r1( )s sr
¢

, |  is 
the distribution function when a scatterer is fixed at r1. If we compare these equations with Eqs. (10) and 
(12), we see that the fluctuating part of the Wigner matrix R K( )F

s sr
¢

,  is replaced by R K r1( )s sr
¢

, | . 
 The next equations in the hierarchy are 
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and 
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where R K r r1 2( )s sr
¢

, |  corresponds to two scatterers fixed at r1 and r2 , and r r2 1( )p |  is the pair distribution 
function. Writing R K r r R K r R K r r1 2 1 1 2( ) ( ) ( )s ss s s s rr r

¢¢ ¢

, | = , | + D , |  in (28) and (29) we truncate the hier-
archy of equations by replacing (28) and (29) by 
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 The approximate nature of (30) and (31) arises from K K( )T , ¢  and K( )g  not being modified in the 
presence of the potential fixed at r1. Here R r2( )�au -¢  is a modification of average potential and is differ-
ent from the single ionic potential except in a totally random system. This potential is given by the for-
mula 
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 We can now interpret Eqs. (30) and (31) as transport equations for the effective medium, described  
by 0 SO,T T T= +  where SOT  is the generalized scattering kernel for spin–orbit interaction. We can elimi-
nate R K r1( )s sr

¢

, |  from the Eqs. (31) and (32) by substituting R K r K R K r1 1( ) ( ) ( )s ss s s s rr r
¢¢ ¢

, | = + D , |   
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and R K r K R K r1 1( ) ( ) ( )f f f, | = + D , |  into these equations. As a result we obtain 
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 These closed equations are extremely complex but this is the nature of the problem and we will now 
solve these equations approximately. It is very important to note that the operators on both sides of these 
equations are the same. In line with [26, 46] the terms involving the fixed potential on the left-hand side 
are omitted as it is reasonable for weak potentials, namely those which do not have resonant scattering 
properties like transition metals. In addition K KSO ( )T , ¢  is omitted on the left-hand side as it should be 
small in comparison with K K0 ( )T , ¢ . The complications of including d-bands and d-band conduction in 
an analytic fashion are extreme and would simply confuse the issues about spin–orbit interaction in this 
work. The solutions of (33) and (34) have the forms 

K

R K r R R K K3
1( ) ( )d R G

aa
r

¢¢

D , | ª , , ,¢¢ ¢¢ ¢¢Â Ú { { }q R R

q

R r K q3 ( )
1

2 1 1
( ) e

2
�

�

i
ad R u

aa
r

W

◊ ¢¢- ¢ Ê ˆ- ¡ - +¢ ¢ ¢¢Á ˜Ë ¯Â Ú  

                            { } }q R RR r K q3 ( )SO
1

1
( ) e

2 2
�

i
a

b
d R u ba ab

k s r
◊ ¢¢- ¢ Ê ˆ+ ¡ - ◊ +¢ ¢ ¢¢Á ˜Ë ¯Ú  

                            
K

R R K K3 ( )d R G
¢¢

- , , ,¢¢ ¢¢ ¢¢ÂÚ [ ]E v K K R K r1
0 13 ( ) [1 ( )] ( )e

aa
g f◊ + D , |¢¢ ¢¢ ¢¢ ¢¢  (35) 



phys. stat. sol. (b) 242, No. 7 (2005) / www.pss-b.com 1469 

© 2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim 

Original

Paper

and 

{ { }q R R

K q

R K r R R K K R r K q3 3 ( )
1 1

2 1 1
( ) ( ) ( ) e

2
�

�

i
ad R G d R u

ab ab
r r

W

◊ ¢¢- ¢

¢¢

Ê ˆD , | ª , , , - ¡ - +¢¢ ¢¢ ¢¢ ¢ ¢ ¢¢Á ˜Ë ¯Â ÂÚ Ú  

                                                                        { }q R RR r3 ( )SO
1( ) e

2
�

i
a

b
d R u abk s

◊ ¢¢- ¢

+ ¡ - ◊¢ ¢Ú }K q
1
2aa

r
Ê ˆ+ .¢¢Á ˜Ë ¯   

  (36) 

 These results can be substituted into (30) and (31), and the resulting equations compared directly to 
(16) and (17). We then obtain the self-consistent equations for K K( )T , ¢  and K0 ( )g  as follows 
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 The generalized scattering kernel consists of ordinary and spin–orbit scattering terms. Equation (16) 
together with (37) and (38) is a central result of this section. Because R R( )G , ¢  only depends on R R ,- ¢  
due to neglecting �au  on the left hand side of (34), the kernel K K( )T , ¢  can be rewritten in the form 
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 Even at this stage the general form for G is not known nor is it known in closed form except for the 
simplest type of Boltzmann equation with isotropic elastic scattering. However the Fourier transform of 
the exact Green function which is involved in (39) can be expressed in the form of a multiple scattering 
series representing successive scattering events, describing the distribution resulting from a point source 
of particles 

 K KQ K K Q K Q K K K Q K0 0 0( ) ( ) ( ) ( ) ( ) . . .G G G T Gd , ¢, , = , + , , , + ,¢ ¢ ¢  (40) 
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where Q K0 ( )G ,  is essentially the Wigner Green function for free electrons but attenuated in the medium 
and is defined by 
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It perhaps should be noted that a point source with well defined momentum is not allowed due to the 
Heisenberg uncertainty principle but it is allowed mathematically within the Wigner formulation. As has 
been stated the series (40) can be summed when K K( )T , ¢  is isotropic and K K| | = | |¢  but this summation 
is not possible in a general way. If K K| | = | |¢  then the result for small Q (large R) can be obtained as this 
corresponds to the solution of the diffusion equation and G  has a diffusion singularity, namely Q 2 .G -

µ| |  
However QI is obtained from the first two terms in Eq. (40) whereas the long range behaviour can be 
used to discuss localization. The function K1( )t

-  is the relaxation time which is defined by the following  

formula: 
K
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= , ¢Â  [26]. As has been mentioned before the skew scattering is zero at this 

level of approximation. If we substitute the first term of series (40) into (39), and next we calculate the 
sum of (39) over K ¢, we obtain a self-consistent equation for the relaxation time, namely 
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 The inclusion of a finite life time under the summation sign in (42) is not really an important issue in 
this work. 
 The comments made earlier about the use of pseudopotentials to calculate spin–orbit effects can now 
be clarified. We note that the normal scattering is essentially multiplied by 2 4

SOb K  where K is the value at 
the Fermi energy. Since 2 52

SO 14 9 10b -

= . ¥
4m  and 101 2 10K = . ¥

1m-  it can be seen that the spin–orbit 
scattering appears smaller by a factor of about 1010  compared with the normal scattering. This is not true 
[51] and this result stems from the fact that ( )au q  is the result of taking the matrix element of an atomic 
like potential between OPW states. The use of Eq. (1) and the appearance of the Fourier transform of 

( )au q  corresponds to taking the derivative of a weak potential in real space. As has been clearly shown 
by Liu [21] the matrix elements of the spin–orbit operator for the true potential using OPW’s are totally 
dominated by the core states and strongly dependent on the atomic number. Hence although we will 
retain the form (42) for simplicity we must recognize that the pseudopotential terms must be hugely 
enhanced in actual estimates of the spin–orbit scattering. In the calculations of Brown and Morgan [51] 
for Au and Cu impurities in Ag the scattering from Au atoms is characterized by phase shifts for 

0 1 2l = , ,  and the magnitude of the spin–orbit scattering by an effective phase shift which is only signifi-
cant for 1l =  but comparable with the normal potential phase shifts. In fact for Au impurities the resist-
ance is dominated by the mass-velocity and Darwin relativistic corrections to the scattering but the point 
is that the normal potential scattering and spin–orbit scattering is comparable. For Cu impurities the 
spin–orbit scattering is rather smaller due to the strong Z dependence of spin–orbit scattering. 

4 Quantum interference 

To investigate quantum interference effects it is convenient to separate the generalized scattering kernel 
into three parts, namely 

 K K K K K K K K1 2 3( ) ( ) ( ) ( )T T T T, = , + , + , ,¢ ¢ ¢ ¢  (43) 

where K K1( )T , ¢  is produced by the first term in (40). 
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 These have been chosen so that they represent, respectively, the normal Boltzmann equation scattering 
obtained by perturbation theory with lifetime broadening, the multiple scattering peaked in the backward 
direction K K2 ( ),T , ¢  and the multiple scattering peaked in the forward direction K K3( ).T , ¢  The character-
istic property of this splitting is that K K K K2 3( ) ( )T T, + ,¢ ¢  summed over K ¢ is equal to zero, but if 

K K K K2 3( ) ( )T T, + ,¢ ¢  is summed with the factor K, K(1 cos )q
¢

-  weighting against forward scattering then 
the cancellation does not occur. As it was shown in [26], the QI effects are represented by K K2 ( ).T , ¢  
When spin–orbit interaction is included K K2 ( )T , ¢  takes the form 
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 (44) 

 This can be converted into a self-consistent equation using the Green function defined in (40) and 
neglecting K K3( ),T , ¢  which was proposed in [26], but its structure is a little different, because the spin–
orbit interaction is included. A generalized form of (40) corresponding to an interpolation between small 
Q  (large R) and large Q  (small R) is [26] 
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 (45) 

where K K1( )T , ¢  is defined as an average of K K1( )T , ¢  over angles and trt  is a transport lifetime. However 
the term involving K K1( )T , ¢  is not important in the context of quantum interference and will be omitted 
although it is important in estimating when electrons become localized. Substituting (40) into (44) yields 
the equation for K K2 ( )T , ¢  in the form 

 K K K K K K2 1 2( ) ( ) ( )T T T R, ª , + , ,¢ ¢ ¢  (46) 

where the form (46) results from the fact that K K2 ( )T , ¢  turns out to be strongly peaked in the backward 
direction [26]. R is defined by 

 
Q

Q2 2

2
( )

�

N
R Z

W

Ï ¸
= ¬ ,Ì ˝

Ó ˛
Â  (47) 

where Q( )Z  is given by the formula 
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 (48) 

 The statement that K K2 ( )T , ¢  is strongly peaked in the backward direction stems from the fact the 
equation for K K2 ( )T , ¢  which is simplified in (46) corresponds to summing the maximally crossed dia-
grams for the vertex part when further simplifying assumptions are made about the scattering potential. 
We will first consider the modification of the normal Boltzmann scattering which comes from the quan-
tum interference effects and specifically the effects of spin–orbit interaction. After the change of vari-
ables Q K q= -  and K K K= - + D¢ , where KD  goes to zero for the backward direction, and using the 
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form for small Q [26], Eq. (44) can be rewritten in the form 
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where K Kas
2 ( )T , ¢  comes from integrating the term involving the small Q behaviour. When A  is set equal 

to zero, as is usually assumed, there is singularity of the form K 2 .-

|D |  When dephasing due to atomic 
motion is included then this removes the singularity. The dephasing time is not the electron–phonon 
relaxation time but has been calculated by Bruce and Morgan [46] using similar methods to this paper 
but the ensemble averages in this paper are replaced by time averages over the atomic motion. Taking A  
to be zero corresponds to neglecting the dependence of 1

t
-  on K  in (42) which has been the procedure in 

all papers that we know of dealing with quantum interference. The outcome of A  not being exactly equal 
to zero are profound because this removes or changes the nature of the singularity and modifies the effect 
of dephasing due to various sources but this is another issue which requires extensive discussion. How-
ever in this paper we find that the spin–orbit interaction modifies the magnitude of the singularity in-
stead of removing it so that the behaviour of A  is not so significant. In (49) K 2 2[( ) ] 3�B m t= / / , and 

1 1 1 1
el SO elt t t t

- - - -

= + ª , where elt  is the elastic scattering time. 
 If we consider (48) and K K= -¢  then the inclusion of spin–orbit scattering does not affect the be-
haviour of .A  However we can see that when we expand the denominator in powers of KD  there are 
terms which are linear in KD  but multiply linear terms arising from K Q.D ¥  These terms can have a 
large effect even though the spin–orbit coupling is weak due to the fact that the denominator also has 
terms of the order of K.D  
 We replace the summation in (47) by integration and we obtain 
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 We next expand the denominator of (50) into power series of KD  to the second order of K.D  After 
multiplication of this expansion by the numerator, which is linear in K,D  we obtain six integrals but only 
three of them are important in our case. The first one is 
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 The value of this integral is approximately equal to unity as has been discusssed and is usually as-
sumed to be so in most works. The next important integral has the form 
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 This integral is like that in our previous work on the ‘2 ’Fk -scattering [26] and can be approximated by 
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is a little bit more complicated but after some lengthy calculations we can approximate the value of 5I  by 
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where 2 4 1 2
0 2 [2 ( ) ] .�K K m t

-

= +  The sign of 5I  is negative because of the term 2 2K q-  in the numera-
tor of the integrand. The constant 2

0K  results from an approximation made for the integration of the 
sharply peaked functions. It should be noted that many model calculations make much more extreme 
simplifying assumptions such as replacing the true potentials by a random potential. 
 Both integrals are proportional to K 2 .|D |  This is important point because they both contribute to the 
WL terms [52]. Finally Eq. (50) has the form 4 51 .R I Iª + +  We substitute it into Eq. (46) and after some 
simple algebraic manipulation we obtain the equation for K K2 ( )T , ¢  and hence the inverse of relaxation 
time 
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 The first part gives the usual Boltzmann contribution, namely the inverse Faber–Ziman relaxation 
time 1

FZt
-  whereas the second one gives the QI correction. The latter comes mainly from the backward 

scattering. Thus we can put KKcos 1q
¢

= -  and then 
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 The QI enhancement of the electrical resistivity in the Faber–Ziman model when the spin–orbit scat-
tering is neglected was considered by Howson et al. [53]. The inverse of the relaxation time obtained in 
this case will be denoted by 1

tr( ) .t
-

¢  If we include the spin–orbit scattering, then the inverse of transport 
relaxation time is given by 
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 It should give rise to a decrease of total resistance because both 4I  and 5I  are negative. Thus the QI 
part is diminished due to the spin–orbit scattering but the singularity is not removed. 
 It is convenient to introduce the relative change of resistivity for comparison with experiment 
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 After some lengthy but straightforward calculations we obtain 
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where F( ),�X Et= /  FE  is the Fermi energy and the function 1 2
MHS ( )F X/  was defined in [53]. 1 2

MHS ( )F X/  is 
always positive so that 0 0.r rD / <  An important point to be emphasized is that the magnitude of 5I  is 
significant because it arises from the product of two terms linear in KD  one of which does not involve 

SO .b  
 The negative sign of the spin–orbit contribution to the resistivity has been explained in qualitative 
terms as follows [54]. In highly scattering media a conduction electron can go along a closed path and 
return to the starting point. Its wave function interferes here with another path which represents the elec-
tron going the same path but in the opposite direction. The movement of the electron along a closed path 
is equivalent to the rotation of the coordinate frame by 2p  so that the spinors describing the spin states of 
both electrons change their signs to opposite ones. If there are no other disturbing factors, for example 
phonons or magnetic fields which may change the phase of the wave functions, they interfere construc-
tively. It gives rise to weak localization and causes an increase in the resistivity of highly disordered 
materials. If we now assume the existence of impurities of heavy ions which scatter electrons due to 
spin–orbit interaction the phase coherence is partly destroyed. Specifically, the spin parts of the electron 
wave functions are not the same. The localization of electrons is diminished and conduction properties of 
the material are enhanced. This gives rise to negative change in the resistivity as obtained in the Eq. (60). 
A similar effect was predicted by Hikami et al. [30]. According to their calculations the spin–orbit inter-
action produces a leading contribution to the b  function of a scaling theory [55, 56] of the opposite sign 
to that given by perturbation theory. This gives rise to the change in the behaviour of the conductance. It 
means that our theory is consistent with that of Hikami et al. and the physical interpretation. 

5 Conclusions 

Our intention was to formulate a quantitative theory describing the effect of the spin–orbit scattering on 
the electrical conductivity of disordered systems which would be an alternative to other approaches [55, 
57]. Our final formula (60)) can be used for the explanation of experimental results for the resistivity of 
amorphous alloys of simple metals with a heavy metal component where the spin–orbit scattering is 
important. Sahnoune et al. [13] published their results of measurements of the resistivity for a series of 
amorphous alloys Ca70Al30–xAux which belong to this category, and explained them in terms of the Fuku-
yama and Hoshino theory [16]. We think that this theory is not suitable for this class of alloys because its 
range of validity is supposed to be when F 1�k l  which is not the case for these alloys and is one the 
reasons for our work. 
 Our theory is suitable both for weak F( 1)�k l  as well as strong F( 1)k l ª  scattering range and predicts 
the negative change of resistivity in both cases in agreement with experiment. The quantitative calcula-
tions of the resistivity based on the formula (60) would need a good knowledge of structure factors and 
pseudopotentials for a specific materials. It will be a subject of future work. 
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